
Efficient, approximate representations of 
sets (k-mer counting and the de Bruijn 

graph)



Scalability at the forefront
I’ve spoken a good bit, already, in this class about the need for scalable solutions, 
but how big of a problem is it?

Take (one of) the simplest problems you might imagine:

Given: A collection of sequencing reads S and 
           a paramater k

Find: The multiplicity of every length-k substring    
         (k-mer) that appears in S

This is the k-mer counting problem



k-mer counting

A large number of recent papers tackle this (or a closely related) problem:

Tallymer, Jellyfish, DSK, KMC{1,2,3}, BFCounter, 
scTurtle, Girbil, KAnalyze, khmer, … and many 
more



How might we count k-mers
A naive approach:

S ATACAGGACGTTC

While S is non-empty:
Draw a string s, from S
For every k-mer, k in s:

counts[k] += 1

ATA

TAC



Tiny refresher on hashing

Domain (e.g. keys)

all possible keys

Range

im
ag

e

maps elements from the domain
into the range

Actual key set

Hash function h : k →[0, R]

Using good hash functions is critical. 
Luckily, it’s an active area of research  

and there are good “off-the-shelf” 
solutions.
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Since, in general, R << |k|, collisions are inevitable.  That is, there 
can exist distinct keys k1, k2 such that k1 ≠ k2, but h(k1) = h(k2).

There are many different ways to deal with these collisions, including  
chaining and probing — refresh yourself on these, we won’t discuss these in detail here.



Collision Resolution (e.g. separate chaining)

Taken from Ben Langmead’s slides @ https://www.cs.jhu.edu/~langmea/resources/lecture_notes/105_hash_and_prob_pub.pdf

Note: Since the hash is a lossy “fingerprint” of the  
key, we generally have to store the key itself as well.

To look up the value associated with an element k,  
we compute h(k) to find the “cell” in the hash table 
to which k maps, then walk the list to check if any 
of the keys we see are = k; if so, the associated  
value is k’s, else, k has not been added to the  
table.

In reality, separate chaining is quite expensive  
in terms of both memory and lookup time, so other  
“probing” strategies are more popular common.

Bonus nugget: Because of requirements of behavior 
specified in the language standard, the standard library 
hash table in C++ essentially has to use chaining.  
Therefore, if you want a high-perf. Hash table in C++, 
use a different library!



What’s wrong with this approach?
Speed & Memory usage
Routinely encounter datasets with 10 - 100 x 109 nucleotides

How should we represent the keys (k-mers)?

Just hashing the k-mers and resolving collisions takes time

Naive string representation requires at least k bytes / key!

At ~3,000,000,000 k-mers in the human genome with k=31 
we are already looking at 93,000,000,000 bytes!

Since Σ is small, we generally consider more efficient encodings 
are common (e.g. 2 bits / nucleotide; the best encoding isn’t  
obvious though (see e.g. https://github.com/COMBINE-lab/kmers/issues/3)

https://github.com/COMBINE-lab/kmers/issues/3


What’s wrong with this approach?
Speed & Memory usage

How many distinct k-mers should we expect?

If just looking at a reference genome G, and k is large, can expect  
O(G) k-mers (most k-mers are unique, but total is bounded by  
reference size).

What if we are looking at a read set consisting of N reads, each  
of length 𝓁?

Each read contains 𝓁 - k + 1 k-mers, but not all are distinct. How many are distinct? 

Eventually, we will see all O(G) k-mers from the reference, but if we have an error rate  
𝝐, then we will continue to see new k-mers at a rate proportional to 𝝐; why? 

Can expect an error every 1/𝝐 -th sequenced nucleotide, and (ignoring edge effects) each  
such error will affect k different k-mers.



What’s wrong with this approach?
Speed & Memory usage

Commonly on the order of 1-10 x 109 or more distinct k-mers

If we used a 4-byte unsigned int to store the count, we’d 
be using 40GB just for counts

Also, hash tables have overhead (load factor < 1), and often  
need to store the key as well as the value

Can easily get to > 100GB of RAM

What about storing the values (i.e. counts)?



Bloom Filters
Originally designed to answer probabilistic membership 
queries:

Is element e in my set S?

If yes, always say yes

If no, say no with large probability

False positives can happen; false negatives cannot.



Bloom Filters

For a set of size N, store an array of M bits 
Use k different hash functions, {h0, …, hk-1} 

To insert e, set A[hi(e)] = 1 for 0 < i < k

To query for e, check if A[hi(e)] = 1 for 0 < i < k

Image by David Eppstein - self-made, originally for a talk at WADS 2007



Bloom Filters

Image by David Eppstein - self-made, originally for a talk at WADS 2007

If hash functions are good and sufficiently independent, 
then the probability of false positives is 
low and controllable.

How low?



False Positives

*analysis of Mitzenmacher and Upfal

Let q be the fraction of the m-bits which remain as 0 after n insertions.

The probability that a randomly chosen bit is 1 is 1-q. 

But we need a 1 in the position returned by k different hash functions; the probability 
of this is (1-q)k

We can derive a formula for the expected value of q, 
for a filter of m bits, after n insertions with k different hash functions:

E[q] = (1 - 1/m)kn 



False Positives

*analysis of Mitzenmacher and Upfal

Mitzenmacher & Unfal used the Azuma-Hoeffding 
inequaltiy to prove (without assuming the probability of 
setting each bit is independent) that 
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That is, the random realizations of q are highly 
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prob of:
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False Positives
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This lets us choose optimal values to achieve a target false positive 
rate.  For example, assume m & n are given. Then we can derive 
the optimal k

k = (m/n) ln 2  ⇒ 2-k ≈ 0.6185 m/n

We can then compute the false positive prob
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rate.  For example, assume m & n are given. Then we can derive 
the optimal k
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given an expected 
# elems

and a desired 
false positive rate

we can compute  
the optimal size and  
# of has functions



Bloom Filters & De Bruijn Graphs

How could the Bloom filter be useful for representing a De 
Bruijn graph?

Say we have a bloom filter B, for all of the k-mers in our 
data set, and say I give you one k-mer that is truly present.

We now have a “navigational” representation of the  
De Bruijn graph (can return the set of neighbors of a 
node, but not select/iterate over nodes); why?

Remember this term, it will come up in a couple of slides



Detour: Bloom Filters & De Bruijn Graphs

How could this data structure be useful for representing 
a De Bruijn graph?

A given (k-1)-mer can only have 2*|Σ| neighbors; 
|Σ| incoming and |Σ| outgoing neighbors — for 

genomes |Σ| = 4

To navigate in the De Bruijn graph, we can simply 
query all possible successors, and see which are 

actually present.



 Bloom Filters & De Bruijn Graphs
But, a Bloom filter still has false-positives, right?

May return some neighbors that are not actually present.

Pell et al., PNAS 2012, use a lossy Bloom filter directly

Chikhi & Rizk, WABI 2012, present a lossless data structure 
based on Bloom filters

Salikhov et al., WABI 2013 extend this work and introduce 
the concept of “cascading” Bloom filters 

Pellow, Filippova & Kingsford, RECOMB 2016. Take 
advantage of “independence” of false positives to lower FP 

rate for Bloom Filter representations



First, some bounds



Critical False Positives

Chikhi & Rizk
“toy” hash 

func (not used in practice)



Critical False Positives

Chikhi & Rizk

“true” 
k-mers

encoded in 
BF, but not 
“reachable”

critical FP

“toy” hash 
func (not used in practice)



The quotient filter for exact & approximate 
counting



The Counting Quotient Filter

Compact, lossless representation of multiset h(S)

h : U → {0,…,2p-1} is a hash function, S is multiset, 
U is the universe from which S is drawn

x ∈ S, h(x) is a p-bit number.

Q is an array of 2q r-bit slots

The quotient filter divides h(x) into q(h(x)), r(h(x)); 
the first q and remaining r bits of h(x) where p=q+r

Put r(h(x)) into Q[q(h(x))]



The Counting Quotient Filter (CQF)
Approximate Multiset Representation 

Works based on quotienting* & fingerprinting keys

Clever encoding allows low-overhead storage of element counts 
(use key slots to store values in base 2r-1; smaller values ⇒ fewer bits)

Careful engineering & use of efficient rank & select to resolve 
collisions leads to a fast, cache-friendly  data structure

Let k be a key and h(k) a p-bit hash value

h(k) }

q-bits

}
r-bits

p-bits

=

* Idea goes back at least to Knuth (TACOP vol 3)
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The Counting Quotient Filter (CQF)
Approximate Multiset Representation 

Works based on quotienting* & fingerprinting keys

Clever encoding allows low-overhead storage of element counts 
(use key slots to store values in base 2r-1; smaller values ⇒ fewer bits)

Careful engineering & use of efficient rank & select to resolve 
collisions leads to a fast, cache-friendly  data structure

Let k be a key and h(k) a p-bit hash value

h(k) }

q-bits

}
r-bits

p-bits

Value stored in 
r-bit slot (fingerprint)

=

* Idea goes back at least to Knuth (TACOP vol 3)

Determines position in array 
of size 2    r-bit slotsq



The Counting Quotient Filter
In reality, a bit more complicated because collisions 
can occur.  What if Q[q(h(x))] is occupied by some 
other element (as the result of an earlier collision)?

Move along until you find the next free slot.  
Metadata bits allow us to track “runs” and skip 
elements other than the key of interest efficiently.



The Counting Quotient Filter
How to count?

Rather than having a separate array for counting (a 
la the counting Bloom filter), use the slots of Q 
directly to encode either r(h(x)), or counts!

The CQF uses a somewhat complex encoding 
scheme (base 2r-2), but this allows arbitrary variable 
length counters.

This is a huge win for highly-skewed datasets with 
non-uniform counts (like most of those we 
encoutner).



The Counting Quotient Filter, results

false pos. rate

load factor



The Counting Quotient Filter, results



The Counting Quotient Filter, results



Squeakr, applying the CQF to k-mer counting
Counting Memory Counting performance



Squeakr, applying the CQF to k-mer counting

Query performance



Take-home message

The sheer scale of the data we have to deal with makes 
even the most simple tasks (e.g. counting k-mers) rife with opportunities for the 

development and application of interesting and novel data structures and algorithms! 


